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Abstract
We study the notion of girth for finitely generated groups. It is proved that if the girth is ‘small’ then
the group necessarily satisfies a law. A general construction is presented which provides examples
of groups with infinite girth not containing nonabelian free group. We also prove that SL(n,Z) has
infinite girth.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finitely generated group. The girth of G is defined in [4] as follows.
Definition. Let X(G) be the set of finite nonempty subsets of G which generate the
whole group. The girth of X ∈ X(G), denoted by U(X,G), is the length of shortest
relation among the elements of X in G. The girth of G then is defined as U(G) =
sup{U(X,G): X ∈X(G)}.
Given a finitely generated group it is interesting to know if the girth is finite or infinite.
If finite, it is also interesting to know what the girth is equal to (approximately).
The infinite cyclic group Z has infinite girth by the above definition.
Finite groups have obviously a finite girth. But there are other, more interesting,
obstructions for a group to have infinite girth. For example, if there is a law satisfied in
the group (not isomorphic to Z) then the group has finite girth.
We remind that a group G is said to satisfy a law if there exists a nontrivial
word W(x1, x2, . . . , xk) in the free group on k generators x1, x2, . . . , xk such that
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However, if there exists a law on k variables satisfied in the groupG, and if k  2 then there
exists a law on 2 variables satisfied in the same group G (this is immediately implied by
the fact free groups on 2 generators contain free group on k generators for any k  2). Then
if there exists a law in the group and if any generating set contains at least two elements
(i.e., if the group is not cyclic) then the girth is necessarily finite. Groups satisfying laws of
one variable are torsion groups with bounded order of the torsion. There exist such infinite
(finitely generated) groups if the order of the torsion is sufficiently big, see [2].
2. Amenable groups
By the above remark, every finitely generated solvable group (except Z) has a finite
girth.
This naturally leads to the following question: does there exist an amenable group (non-
cyclic) with infinite girth?
In this section we will construct such an example of amenable group. Our purpose is
even more general, i.e., we will present a method of constructing a group with infinite girth
out of the group with no law.
Let now H be a finitely generated group in which no law on two variables is satisfied.
We define a sequence Hn, n 0, of groups as following
H0 =H, Hn+1 = Z
⊕
i∈Z
Hn.
Here Z acts on the direct sum by shift. The semidirect product above is sometimes
called a wreath product and denoted as ZwrH . Every element of ZwrH can be written as
a pair [n;η] where n ∈ Z, η is a two-sided sequence of elements of H and all but finitely
many terms (coordinates) in this sequence are 1. If all coordinates of η are 1 then we will
denote [n;η] as [n; (0)]. We also observe that [1; (0)][n;η][−1; (0)]= [n;η1] where η1 is
a 1 unit shift of η to the right.
We are going to prove that H2 has infinite girth. By constructions, all groups Hn are
amenable, if H is amenable. For our purposes, the group H1 will be better than H0, H2
better than H1, and so on. We justify this in the following chain of lemmas.
Lemma 2.1. In a group H1, for any given positive integer p there exist 2 elements x1 and
x2 with no relation between x1 and x2 of length less or equal p.
Proof. There is no law on two variables satisfied in the group H0. On the other hand, there
are only finitely many laws on two variables of length not bigger than p.
Let F1, . . . ,Fs be all these laws. Since none of them is satisfied in H0, there are pairs of
elements (y1, z1), . . . , (ys, zs) such that Fi(yi, zi) = 0 for any 1 i  s.
Now if we take elements x1 = [0; (. . . , y1, . . . , ys, . . .)], x2 = [0; (. . . , z1, . . . , zs , . . .)]
then there will be no relation of length not bigger than p between elements x1 and x2.
Lemma is proved. ✷
200 A. Akhmedov / Journal of Algebra 268 (2003) 198–208Lemma 2.2. In a group H1, for any given integers p and k, there are elements
g1, g2, . . . , gk in H1 with no relation of length less or equal than p.
Proof. For given k and p one can choose k words w1(a, b), . . . ,wk(a, b) in the free group
F2 on two generators a and b such that they generate free subgroup of rank k, because F2
contains Fk . Let l be the maximum of the lengths of wi ’s, i ∈ {1,2, . . . , k}. On the other
hand, by Lemma 1.1, in a groupH1 one can choose two elements x1 and x2 with no relation
of length shorter than lp+1. Then there will be no relation of length less than p+1 among
the elements g1 =w1(x1, x2), . . . , . . . , gk =wk(x1, x2). Lemma is proved. ✷
Lemma 2.3. The group H2 has infinite girth.
Proof. Let p be a given positive integer, and let {u1, . . . , ur } be the generator set for H2.
By Lemma 2.2, we can take elements g1, . . . , gk in H1 such that k  (2r + 2)p and
there is no relation of length not bigger than p among g1, . . . , gk . We look at the following
elements of H2:
h0 =
[
1; (0)],
h1 =
[
0; (. . . , g1, . . . . . . . . . , gk, u1, . . . . . . . . .)
]
,
h2 =
[
0; (. . . . . . , g1, . . . . . . . . . , gk, u2, . . . . . .)
]
,
. . . . . . . . . . . . . . . . . . . . .
hr = [0; . . . . . . . . . , g1, . . . . . . . . . , gk, ur, . . .],
hr+1 = [0; . . . . . . . . . . . . , g1, . . . . . . . . . , gk, . . .].
Here each time there is a shift of length 2p, and h1 is defined so that the first coordinate
is g1, the second is g2, so on, and the (k+1)th coordinate is u1. The rest of the coordinates
are 1.
It is easy to see that the elements h0, h1, . . . , hr , hr+1 generate the group H2. On the
other hand there is no relation R of length less than p+ 1 among these generators because
any such relation would imply the relation of the same or shorter length among the elements
g1, . . . , gk , which contradicts our assumption. Indeed, let I be the minimal nonnegative
integer such that R involves hI . If I > 0 then looking at the (k + 2pI)th coordinate
of R we obtain a relation of length less than p + 1 among elements g1, . . . , gk (which
necessarily involves gk). If I = 0 then the sum of exponents of h0 in R is zero and we
can write R = hq10 v1h−q10 · · ·hqn0 vnh−qn0 where v1, . . . , vn are some words in h1, . . . , hr+1,
and |qj |  p for every j ∈ {1, . . . , n}. Let J be the minimal positive integer such that R
involves hJ . Keeping track with the gk coordinate of hJ and using the fact that in the
definitions of h0, h1, . . . , hr+1 each time there was a shift of length 2p we again obtain a
nontrivial relation among g1, . . . , gk which involves gk and has length not bigger than p.
Lemma is proved. ✷
We wish to stress that the very simple construction we present above solves the difficulty
one would possibly encounter in the group H0 in a very interesting way. Namely, the
problem of finding generators with no short relations is replaced with the problem of
A. Akhmedov / Journal of Algebra 268 (2003) 198–208 201finding elements (which do not necessarily generate the whole group) with no short
relations. Each such set of elements depends on the given number p.
Remark. By slightly different arguments it is possible to show that the group H1 already
has infinite girth.
What remains is to prove the following
Proposition 2.4. There exists a finitely generated amenable group with no law.
Remark. Examples of such amenable groups are well known. We present below one of
them.
Proof. Let H be the subgroup of Sym(Z) generated by two maps A and B given by
A(z)= z+ 1, ∀z ∈ Z,
B(z)= z, ∀z = 1,2, B(1)= 2, B(2)= 1.
Then H contains every finite group and therefore satisfies no law (because free group
on two generators is residually finite).
On the other hand, the groupH is amenable (because it is a Z extension of the increasing
countable union of finite groups). ✷
3. SL(n,Z)
In this section we prove that SL(n,Z) has infinite girth for any n 2. First we prove it
for SL(2,Z).
Proposition 3.1. SL(2,Z) has infinite girth.
Proof. Let A,B,C generate SL(2,Z) such that none of the matrices in
S = {A±1,B±1,C±1,A±1B±1,A±1C±1,B±1C±1}
has a zero entry. For example, one can take
A=
(
19 8
7 3
)
, B =
(
11 19
4 7
)
, C =
(
3 2
1 1
)
observing that
C−2A=
(
1 0
1 1
)
, C−2B =
(
1 1
0 1
)
.
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X=
(
1 x
0 1
)
.
We look at the following set of elements {X,XpA,XqB,XrC}. They do generate
SL(2,Z). Moreover, we claim that for any given positive number k one can choose the
exponents p,q, r and x ∈ Z in such a way that there will be no relation among these
elements of length not bigger than k.
Indeed, let p,q, r be chosen such that if u,v,w ∈ Z and |pu + qv + rw|  k then
|u| + |v| + |w| k or u= v =w = 0.
Then, any relation among X, XpA, XqB , XrC of length less than k would be of the
form
R = S0Xn1S1 · · ·XnlSl,
where ni = 0, ∀i ∈ {1, . . . , l}, Si ∈ S for any i ∈ {1, . . . , l − 1} and S0, Sl ∈ S ∪E2. Here
En is an identity matrix of size n× n.
From R =E2 we obtain R0 =Xn1S1 · · ·Xnl−1Sl−1 = S−10 S−1l X−nl . On the other hand,
using the fact that Si , 1 i  l, do not have a zero entry, by straightforward induction on l,
one can see that the first raw entries of the matrix R0 is a polynomial on x of degree l
with the first coefficients of these polynomials equal to the product of ni ’s and of entries
of S1, . . . , Sl (and therefore non-zero!).
Therefore only for finitely many x’s one can get a relation of length less than k. ✷
In the proof for SL(n,Z) below (for n 3), we use the following fact and notations: let
Ni,j be n× n matrix with all entries 0, except the diagonal entries and (i, j)th entry equal
to 1. Then the n− 1 matrices Ni+1,i , i ∈ {1,2, . . . , n− 1}, and N1,n generate SL(n,Z).
Besides, we sometimes identify the group SL(n,Z)Zn (where the action is the usual
multiplication of a matrix to a column vector) with the image of its standard embedding
into SL(n + 1,Z) in which all the last column entries are 0 except the (n + 1, n + 1)th
entry equals 1. We will also denote an element of SL(n,Z)  Zn as a pair (A, ξ) where
A ∈ SL(n,Z), ξ ∈ Zn.
Lemma 3.2. The group SL(n,Z)  Zn has finite generating set {B1,B2, . . . ,Bk(n)} such
that if (L, ξ) is any of the matrices B±1i or B±1i B±1j then all the coordinates of ξ are
distinct from zero.
Proof. Let p(1) = (p(1)1 , . . . , p(1)n ), . . . , p(n) = (p(n)1 , . . . , p(n)n ) ∈ Zn be n integer vectors
generating Zn such that pik = 0, pik ± pjk = 0 for any k, i, j ∈ {1, . . . , n} with i = j .
Let {N2,1, . . . ,Nn,n−1,N1,n} be the standard generating set of SL(n,Z) described
above. Then for any x(1), . . . , x(n), the finite set
Φ = {(En,p(1)), . . . , (En,p(n)), (N2,1, x(1)), . . . , (N1,n, x(m))}
generates SL(n,Z)Zn.
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x
(r)
l = 0 for any k, l, i, j, r ∈ {1, . . . , n}, then the set Φ satisfies the condition of
Lemma 2.1. ✷
Lemma 3.3. Assume SL(n,Z)Zn is standardly embedded into SL(n+ 1,Z). Let
Yn(x)=


1 0 . . . x
0 1 . . . 1
. . . . . .
. . .
...
. . . . . . . . . 1

 .
Here Yn(x) is the matrix in SL(n+1,Z), all entries except diagonal and the last column
are zero; the nonzero entries are all equal to 1, except the upper-right corner entry is x ∈ Z.
Then ∀x ∈ Z, SL(n + 1,Z) is generated by a subgroup SL(n,Z)  Zn and a single
element Yn(x).
Proof. Let An(x) be the following matrix in SL(n,Z)Zn:
An(x)=


x − 2 1 + x − x2 0 0 . . . . . . . . .
1 −(x + 1) 0 0 . . . . . . . . .
−1 x − 2 1 0 . . . . . . . . .
−1 x − 2 0 1 . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . .
−1 x − 2 0 0 . . . . . . . . .
0 0 0 0 . . . . . . 1


.
Then one easily verifies that
An(x)Yn(x)Ax(x)
−1Yn(x)=N1,n.
Since SL(n,Z)Zn and N1,n generate SL(n+ 1,Z), the lemma is proved. ✷
Remark 1. We would like to remind that SL(n,Z)  Zn is not a maximal subgroup in
SL(n+ 1,Z), so the choice of the element Yn(x) is not arbitrary.
Theorem 3.4. U(SL(n,Z))=∞.
Proof. Assume m is any positive integer. We’ll prove that U(SL(n,Z))m.
Let {B1, . . . ,Bk(n−1)} be a finite generating set of SL(n− 1,Z) Zn−1 satisfying the
conditions of Lemma 3.2.
Then by Lemma 3.3 for any x ∈ Z, the finite set {B1, . . . ,Bk(n−1), Yn(x)} generates
SL(n,Z) and therefore so does the finite set
Ψ = {Yn(x),Yn(x)p1B1, . . . , Yn(x)pk(n)Bk(n)}
for any p1, . . . , pk(n) ∈ Z+.
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|∑k(n)i=1 pimi |  m then ∑k(n)i=1 |mi |  m or mi = 0, ∀i ∈ {1,2, . . . , k(n)}. One can take,
for example, p1 >m, pj+1 > p2j for any j ∈ {1, . . . , k(n− 1)− 1}.
Assume now there exists a relation of length less or equal m among the matrices in the
set Ψ .
Any such, relation would be of the form
S0Yn(x)
α1S1Yn(x)
α2S2 · · ·Yn(x)αr−1Sr−1Yn(x)αr Sr =En,
where α1, . . . , αr ∈ Z\{0} with ∑ri=1 |αi |  m · max{p1, . . . , pk} and Si , i = 0, . . . , r , is
one of the matrices B±1i or B
±1
i B
±1
j for i = j except S0, Sr could be also En.
By Lemma 3.2, no entry of Si in the last row is zero for any i ∈ {1, . . . , r − 1}. Then the
first row entries of Yn(x)α1S1 · · ·Yn(x)αr−1Sr−1 are polynomials in x of degree r , because
the coefficients of xr are the products of αi ’s and the entries of ξj and therefore non-zero.
Then the (1, n)-entry of Yn(x)α1S1 · · ·Yn(x)αr−1Sr−1 is a polynomial of degree r . Thus
only for finitely many x’s one can get a relation of length less than m, and since m was an
arbitrary integer, we conclude that U(SL(n,Z))=∞. ✷
4. Groups with finite girth
It is very tempting to think that groups with finite girth are only the groups with a law.
Propositions 4.2 and 4.5 below indeed give some credibility to this. In general, however,
the class of groups with finite girth turns out to be larger than the groups with laws as
shows Theorem 4.1, which is only the reformulation of A.Yu. Olshanski’s result (in fact,
very special case of it).
Assume the following situation for the inclusion of groups
F2 ⊂H ⊂ Γ,
where F2 is the free group of rank 2, H is a finite index subgroup in Γ and for any
g ∈ Γ \H , gp = 1, where p is a fixed prime number.
It is not quite clear if the situation above may exist, at all. Indeed, if we assume also
[H : F2]<∞ then it is not difficult to show that the model described above is impossible.
If such a Γ exists, however, then clearly Γ would be an example of a group with finite
girth (of at most p), and not satisfying any law. Proposition 4.2 below shows that for p = 2
this is impossible (see also Question 4, Section 5).
Theorem 4.1 (A. Olshanski [3, §34 and Theorem 35.1]). Let p be a prime number, and
Γ = 〈a, x, y | ap = 1, (aiw)p = 1 for any i ∈ {1,2, . . . , p − 1} and for any word w in
the alphabet u0, u1, . . . , up−1, v0, v1, . . . , vp−1 where uj = ajxa−j , vj = ajya−j , j =
0,1, . . . , p− 1〉.
If the prime p is sufficiently big then Γ contains free group on two generators.
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subgroup such that ∀g ∈ Γ \Np(x, y), gp = 1. Thus we have an inclusion F2 ⊂Np(x, y)⊂
Γ which satisfies the above conditions.
Proposition 4.2. Let Γ be a finitely generated group such that for any finite generating set
S, ∃x ∈ S with x2 = 1. Then Γ satisfies a law.
Proof. First we prove the following two lemmas.
Lemma 4.3. If H is any group and x,u, v ∈H with (ux)2 = 1, (u2x)2 = 1, (uxv)2 = 1,
and (u2xv)2 = 1 then [u,v] = 1.
Proof is an easy check, namely, the first two identities yield uxu= x , and the last two
yield uxvu= xv. From these one obtains [u,v] = 1.
Lemma 4.4. Let Z2 =⋃ri=1Ai be a partition of Z2 into r sets. Then there exists a number
N , depending only on r , such that ∃i ∈ {1,2, . . . , r} and ∃m,n, k, l ∈ {1,2, . . . ,N} with
(m, k), (m+ n, k), (m, k + l), (m+ n, k + l) ∈Ai .
Proof. Let C = {1,2, . . . , (r + 1)r}. Then ∃C0 ⊂ C and ∃i0 ∈ {1, . . . , r} such that |C0|
1
r
|C| = 1
r
(r + 1)r > (r + 1)r−1 and C0 × {0} ⊂Ai0 .
By induction we choose a chain
C ⊂ C0 ⊂ C1 ⊂ · · · ⊂ Cr−1 ⊂ Cr, (2)
and i0, i1, . . . , ir ∈ {1,2, . . . , r} such that |Cj |  1r |Cj−1| and Cj × {j } ⊂ Ai , ∀j ∈{1, . . . , r}.
Then |Cj |  1j |Cj−1|  1r (r + 1)r−j > (r + 1)r−j−1. In particular, |Cr |  2 and
therefore for any j ∈ {0,1, . . . , r}, |Cj | 2.
The chain (2) consists of r + 1 sets. Therefore there exists j1, j2 ∈ {0,1, . . . , r} and
j0 ∈ {1,2, . . . , r} such that Cj1 × {j1} ⊂Aj0 , Cj2 × {j2} ⊂Aj0 .
Assume j2 > j1. Let p,q ∈ Cj2 . Then one can take m = p, n = q − p, k = j1,
l = j2 − j1. Lemma is proved. ✷
Now assume {x1, . . . , xr } generates Γ . Then for any u,v ∈ Γ and i, j ∈ Z, the
set S(u, v; i, j) = {u,v,uix1vj , . . . , uixrvj } generates Γ and therefore contains an
involution.
For any k ∈ {1,2, . . . , r} we denote Sk(u, v)= {(i, j): (uixkvj )2 = 1}. Then if u2 = 1,
v2 = 1, one has Z2 = {(i, j): i, j ∈ Z} =⋃rk=1 Sk(u, v).
By Lemma 4.4, there exists an integer N and i ∈ {1, . . . , r} such that
(m, k), (m+ n, k), (m, k + l), (m+ n, k + l) ∈ Si(u, v)
for some m,n, k, l ∈ {1, . . . ,N}.
Here N doesn’t depend on the pair (u, v) but i,m,n, k, l may depend.
Then (umxivk)2 = 1, (um+nxivk)2 = 1, (umxivk+l )2 = 1, (um+nxivk+l )2 = 1.
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Thus we proved that there exists M ∈ Z+ such that for any u,v ∈ Γ with u2 = 1, v2 = 1
the identity [uM,vM ] = 1 holds in Γ . This implies [u2M,v2M ] = 1 for any u,v ∈ Γ .
Proposition is proved. ✷
Proposition 4.5. Let Γ be a finitely generated group such that for any finite generating set
S, there exists x, y ∈ S with [x, y] = 1. Then Γ satisfies a law.
Remark 1. One can be more precise about the law, in fact, from the proof we will see that
if Γ is generated by r elements then [uN,v] = 1, ∀u,v ∈ Γ , where N = 2r2 !.
Remark 2. If the minimal cardinality of the generating set of Γ is less than 4 then the
hypothesis of Proposition 4.4, implies that Γ is abelian (very easy to check). But this is
not true in general; let K = 〈a, b | aba−1 = b−1〉 be the fundamental group of Klein bottle.
Then the group K × Z2 does satisfy the hypothesis of Proposition 4.5 but is not abelian.
More generally, let K ′ be an r-generated nonabelian group with the property that among
any k elements there exist at least two which commute (for the Klein bottle group k = 4).
Then the group K ′ ×Zk satisfies the conditions of Proposition 4.5 but is not abelian (in the
case of Klein bottle it is sufficient to take K ×Z2 instead of K ×Z4).
Proof. Let {x1, . . . , xr} be a generating set of Γ , and let M = (2r2)!.
We claim that for any u ∈ Γ and i ∈ {1,2, . . . , r}, [uM,xi] = 1.
If not, then let A = {i ∈ {1,2, . . . , r}: [uM,xi] = 1} = ∅. Let i ′ ∈ A. Denote B =
{1,2, . . . , r}\A and set yi = xi′xi for all i ∈ B and yi = xi for all i ∈ A. Then the set
{y1, . . . , yr} generates Γ and [uM,yi] = 1, i ∈ {1, . . . , r}.
For any m= (m1, . . . ,mr) ∈ Zr the set Sm = {u,um1y1, . . . , umr yr} also generates Γ .
Note that for all i ∈ {1,2, . . . , r} and k ∈ {1,2, . . . ,2r2}, we have [u,ukyi] = 1, therefore,
by assumption of the proposition, for any m = (m1, . . . ,mr) with mk  2r2 , k =
1,2, . . . , r , there exist i, j ∈ (1,2, . . . , r} such that [wmi yi, umj yj ] = 1.
We will constructm ∈ Zr with m1 m2  · · ·mr < 2r2 such that Sm does not contain
any two commuting elements. This is a contradiction and thus proposition will be proved.
Let S(1) = {u,uy1}. If [uy2, uy1] = 1 then let S(2) = {u,uy1, uy2}, otherwise let S(2) =
{u,uy1, u2y2}. Clearly no two elements of S(2) commute.
Assume we have constructed S(l) = [u,um1y1, . . . , uml yl}, l < r , with m1 = 2n1 
· · ·ml = 2nl  2l2 such that no two elements of S(l) commute.
Consider the sets P1 = S(l) ∪ {uml yl+1},P2 = S(l) ∪ {u2mlyl+1}, . . . ,Pl+1 = S(l) ∪
{u2lml yl+1}.
By construction of S(l) and by the fact [uk, yi] = 1 for any k ∈ {1, . . . ,2r2} and
i ∈ {1, . . . , r}, it follows that there exists i0 ∈ {1, . . . , l + 1} such that Pi0 contains no two
commuting elements. Then we set S(l+1) = Pi0 = {u,um1y1, . . . , uml yl, u2
i0ml yl+1}. By
construction, we also have 2i0ml < 2i0+l
2  2l+l2  2(l+1)2 . Proposition is proved. ✷
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We wish to ask several questions which are in our opinion interesting.
Question 1. Assume G is a finitely generated residually finite group. Is it possible that
U(G) <∞ but G doesn’t satisfy any law?
We can prove this for linear groups, i.e., if G is linear then U(G)=∞ if and only if G
is virtually solvable.
The construction of A. Olshanski in Theorem 4.1 is not residually finite. It is also not
finitely presented. Therefore the following question is very natural.
Question 2. Is there an example of a finitely presented group G s.t. G doesn’t satisfy any
law but U(G) <∞.
Question 3. Let G be a finitely generated group such that for any finite generating set S
∃x ∈ S with xn = 1 for some fixed n 2. Then for which values n one can say that G has
a law.
Proposition 4.2 shows that the answer is positive for n= 2. We believe this is true also
for n= 3 and n= 4. What about n= 5?
Theorem 4.1 shows that the answer is negative if n is sufficiently big prime number.
Question 4. Assume G1 and G2 are commensurable and U(G1) = ∞. Is it true that
U(G2)=∞ (see [1]).
In [4] it is shown that if [G :G0]<∞ and U(G)=∞ then U(G0)=∞. The question
is whether U(G0) =∞ implies U(G) =∞. The answer to this is negative provided the
following question has a positive answer.
Question 5. Is there a group with infinite girth that admits a splitting automorphism? (See
[1].)
Question 6. What is the girth of Sn (approximately)?
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